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1. Introduction
The wreath product of association schemes provides an important way to construct the new asso-
ciation schemes from old ones. The properties of wreath products of association schemes have been
studied in several papers. The Bose–Mesner algebra of the wreath product of association schemes is
exactly isomorphic to the wreath product of the Bose–Mesner algebras of those association schemes
as table algebras. The wreath product of table algebras was used by Arad and Muzychuk [AM] to
construct the new table algebras from old ones. However, the properties of wreath products of table
algebras have not been studied yet.
In this paper we will ﬁrst study the wreath product of C-algebras, present a characterization of
the wreath product in terms of exact sequences in C-algebras, and show that the dual of the wreath
product of C-algebras is isomorphic to the wreath product of the duals of those C-algebras in the
reverse order. Then we turn to wreath products of table algebras and of association schemes. We will
prove the Krull–Schmidt type theorem for the wreath products of table algebras, and by applying
the characterization of the wreath product of association schemes proved in [X1], obtain the Krull–
Schmidt type theorem for wreath products of association schemes.
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products of C-algebras, and study the dual of the wreath product of C-algebras. Section 3 is devoted
to prove the Krull–Schmidt type theorem for wreath products of table algebras. Finally in Section 4,
we prove the Krull–Schmidt type theorem for wreath products of association schemes.
2. Wreath products of C -algebras
In this section we ﬁrst introduce the concept of the wreath product (A,B, f )  (C,D, g) of
C-algebras (A,B, f ) and (C,D, g), which is a natural generalization of the wreath product of table
algebras. Then we give a characterization for the wreath product (A,B, f )  (C,D, g) (see Theorem 2.8
below), and prove that the dual C-algebra of the wreath product (A,B, f )  (C,D, g) is isomorphic to
the wreath product (C, D̂g , g)  (A, B̂ f , f ) (see Theorem 2.9 below). For the deﬁnitions, notation, and
basic properties of C-algebras, dual C-algebras, C-algebra homomorphisms, dual C-algebra homomor-
phisms, and exact sequences in C-algebras, the reader is referred to [B,X4,X6].
Let (A,B, f ) be a standard C-algebra with B = {b0 = 1A,b1, . . . ,bk}. Assume that for any 0 
i, j  k, bib j =∑km=0 λi jmbm for some λi jm ∈ R. The algebra automorphism of (A,B, f ) is denoted
by ∗ , and for any 0  i  k, i∗ is deﬁned by bi∗ = b∗i . Then f (bi) = λii∗0 = o(bi), the order or stable
degree of bi , 0  i  k. Since A is commutative, for any 0  i, j,m  k, λmm∗0λi∗ jm = λmm∗0λ ji∗m =
λ j j∗0λimj by [B, Lemma 2.2]. Thus,
o(bi∗)o(b j) = f (bi∗b j) =
k∑
m=0
λi∗ jmλmm∗0 =
k∑
m=0
o(b j)λimj, 0 i, j  k.
So it follows from o(bi) = o(bi∗) that
o(bi) =
k∑
m=0
λimj, for any 0 i, j  k.
Hence,
biB
+ = o(bi)B+, for any bi ∈ B, and B+B+ = o(B)B+. (2.1)
Let (A,B, f ) and (C,D, g) be C-algebras with B = {b0 = 1A,b1, . . . ,bk} and D = {d0 = 1C ,
d1, . . . ,dl}. Then the tensor product of A and C over C, A ⊗C C , is a ﬁnite dimensional, associative,
and commutative algebra over C, with (a1 ⊗ c1)(a2 ⊗ c2) = a1a2 ⊗ c1c2 for all a1,a2 ∈ A and c1, c2 ∈ C .
Let B⊗ D := {bi ⊗ d j | 0 i  k, 0 j  l}. Then B⊗ D is a basis of A ⊗C C . There is an algebra ho-
momorphism f ⊗ g : A ⊗C C → C such that ( f ⊗ g)(a ⊗ c) = f (a)g(c) for all a ∈ A and c ∈ C . It is
well known that (A⊗C C,B⊗D, f ⊗ g) is a C-algebra, with respect to the automorphism ∗ of A⊗C C
deﬁned by (a⊗ c)∗ = a∗ ⊗ c∗ . If both (A,B, f ) and (C,D, g) are standard, then (A ⊗C C,B⊗D, f ⊗ g)
is also standard.
Let (A,B, f ) and (C,D, g) be standard C-algebras with B= {b0 = 1A,b1, . . . ,bk} and D= {d0 = 1C ,
d1, . . . ,dl}. Let
B D := {b0 ⊗ d j | 0 j  l} ∪
{
bi ⊗D+
∣∣ 1 i  k}.
Then B  D is a linearly independent subset of A ⊗C C . Let A  C be the C-space with basis B  D, and
let f  g be the restriction of f ⊗ g to A  C .
Proposition 2.1. Let (A,B, f ) and (C,D, g) be standard C-algebras with B = {b0 = 1A,b1, . . . ,bk} and D =
{d0 = 1C ,d1, . . . ,dl}. Then the following hold.
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to A  C.
(ii) Let D˜ := {b0 ⊗ d j | 0 j  l}. Then D˜ is a C-subset of B D, and
(
CD˜, D˜, ( f  g)|
CD˜
)∼=x (C,D, g),
where CD˜ is the C-space spanned by D˜, and ( f  g)|
CD˜ is the restriction of f  g to CD˜.
(iii) Let D˜ be the same as in (ii). Then D˜ is a quotient subset of B  D, and the standard quotient C-algebra
((A  C)/D˜, (B D)/D˜, ( f˜  g)D˜) is exactly isomorphic to (A,B, f ). That is,
(B D)/D˜∼=x B.
(iv) Let φ :C → A  C be a linear map deﬁned by φ(d j) = b0 ⊗d j , 0 j  l, and let ψ : A  C → A be a linear
map deﬁned by
ψ(b0 ⊗ d j) = o(d j)b0, 0 j  l, and ψ
(
bi ⊗D+
)= o(D)bi, 1 i  k.
Then φ is a C-algebra monomorphism from (C,D, g) to (A C,B D, f  g),ψ is a C-algebra epimorphism
from (A  C,B D, f  g) to (A,B, f ), and
0−→ (C,D, g) φ−→ (A  C,B D, f  g) ψ−−→ (A,B, f ) −→ 0
is an exact sequence in C-algebras.
Proof. (i) For any 0 j  l and 1 i, p  k, it follows from (2.1) that
(b0 ⊗ d j)
(
bi ⊗D+
)= o(d j)bi ⊗D+
and
(
bi ⊗D+
)(
bp ⊗D+
)= o(D) k∑
m=0
λipm
(
bm ⊗D+
)
= o(D)λip0
l∑
j=0
(b0 ⊗ d j) + o(D)
k∑
m=1
λipm
(
bm ⊗D+
)
.
Thus, A  C is an algebra. Note that (D+)∗ = D+ . So the restriction of ∗ to A  C is an automorphism
of A  C , and (A  C,B D, f  g) is a standard C-algebra. Hence (i) holds.
(ii) is clear.
(iii) It is clear that D˜+D˜+ = o(D)D˜+ by (2.1). Furthermore, for any 0 j  l and 1 i  k, (2.1) im-
plies that
(b0 ⊗ d j)D˜+ = o(d j)D˜+ and
(
bi ⊗D+
)
D˜+ = o(D)bi ⊗D+. (2.2)
Thus, D˜ is a quotient subset of B  D by [B, Theorem 1]. Furthermore, (2.2) and [B, Theorem 1] yield
that the transitional quotient basis ((B D)/D˜) is given by
(
(B D)/D˜) = {o(D)−1o(bi)−1(bi ⊗D+) ∣∣ 0 i  k}.
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o(bi)−1, 0 i  k. Thus, the standard quotient basis
(B D)/D˜=
{
o(D)−1o(bi)−1(bi ⊗D+)
βii∗0
∣∣ 0 i  k}= {o(D)−1(bi ⊗D+) ∣∣ 0 i  k}.
Therefore, the linear map from A to (A  C)/D˜ deﬁned by
bi 	−→ o(D)−1
(
bi ⊗D+
)
, 0 i  k
is an exact isomorphism from (A,B, f ) to ((A  C)/D˜, (B D)/D˜, ( f˜  g)D˜). Hence (iii) holds.
(iv) is clear. 
Deﬁnition 2.2. Let (A,B, f ) and (C,D, g) be C-algebras. Let
B D := B′s D′s,
where B′s and D′s are standard rescalings of B and D, respectively. Then the standard C-algebra (A  C,
B D, f  g) is called the wreath product of (A,B, f ) and (C,D, g), and denoted by (A,B, f )  (C,D, g).
Let (A,B, f ) be a C-algebra with B = {b0 = 1A,b1, . . . ,bk}. Let I0, I1, . . . , I p be a partition of the
set {0,1, . . . ,k} such that I0 = {0}, and let b˜ j =∑i∈I j bi , 0 j  p. Let B˜= {˜b0, b˜1, . . . , b˜p}, and A˜ the
C-space spanned by B˜. If ( A˜, B˜, f | A˜) is a C-algebra with respect to the restriction of the automor-
phism ∗ of A to A˜, where f | A˜ is the restriction of f to A˜, then ( A˜, B˜, f | A˜) is called a fusion C-algebra
of (A,B, f ). It is clear that if (A,B, f ) and (C,D, g) are standard C-algebras, then the wreath product
(A,B, f )  (C,D, g) is a fusion C-algebra of the tensor product (A,B, f ) ⊗ (C,D, g).
Let (A,B, f ) be a C-algebra, and N a nonempty subset of B. If N is a C-subset as well as a quotient
subset of B, then N is called a closed-quotient subset of B. Let (A,B, f ) and (C,D, g) be standard
C-algebras. Then by Proposition 2.1, B D has a closed-quotient subset D˜ such that
∣∣(B D)/D˜∣∣= |B D| − |˜D| + 1.
The next lemma says that the converse of this result is also true.
Lemma 2.3. Let (A,B, f ) be a standard C-algebra, and let N be a closed-quotient subset of B such that
|B/N| = |B| − |N| + 1.
Then (A,B, f ) is exactly isomorphic to the wreath product (A/N,B/N, f˜N)  (CN,N, f |CN). That is,
B∼=x (B/N) N.
Proof. Let B= {b0 = 1A,b1, . . . ,bk}. It follows from |B/N| = |B| − |N| + 1 that∣∣SuppB(b jN+)∣∣= 1, for any b j ∈ B \N.
Since b j ∈ SuppB(b jN+) by [B, Theorem 1], the above equality implies that
b jN
+ = o(N)b j, for any b j ∈ B \N. (2.3)
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(B/N) =
{
o(N)−1N+
}∪ {o(b j)−1b j ∣∣ b j ∈ B \N}
by [B, Theorem 1]. Note that N a closed subset of B implies that for any bi ∈ N, biN+ = o(bi)N+
by (2.1). Therefore, for any bi ∈ N and any b j ∈ B \N, it follows from (2.3) that
bib j = bio(N)−1b jN+ = o(bi)o(N)−1b jN+ = o(bi)b j. (2.4)
Hence, λ ji j = λi j j = o(bi) for any bi ∈ N and any b j ∈ B \ N. Since λii∗0λ j j∗ i = λ j j∗0λ ji j by [B, Lem-
ma 2.2], we see that
λ j j∗io(bi) = λ ji jo(b j) = o(bi)o(b j), for any bi ∈ N and b j ∈ B \N.
Thus,
λ j j∗i = o(b j), for any bi ∈ N and b j ∈ B \N. (2.5)
Let βi jm be the structure constants of (A/N, (B/N), f˜N). Then (2.5) implies that β j j∗0 = o(N)o(b j)−1,
for any b j ∈ B \N. Therefore, the standard quotient basis
B/N= {o(N)−1N+}∪ { o(b j)−1b j
o(N)o(b j)−1
∣∣ b j ∈ B \N
}
= {o(N)−1N+}∪ {o(N)−1b j ∣∣ b j ∈ B \N}.
Thus,
(B/N) N= {o(N)−1N+ ⊗ bi ∣∣ bi ∈ N}∪ {o(N)−1b j ⊗N+ ∣∣ b j ∈ B \N}.
Let φ : A → (A/N)  CN be a linear map deﬁned by
φ(bi) =
{
o(N)−1N+ ⊗ bi, if bi ∈ N;
o(N)−1bi ⊗N+, if bi ∈ B \N.
In the following we show that φ is an algebra homomorphism. It is clear that for any bi,b j ∈ N,
φ(bib j) = φ(bi)φ(b j). For any bi ∈ N and any b j ∈ B \ N, we also have φ(bib j) = φ(bi)φ(b j) by (2.3)
and (2.4). If bi,b j ∈ B \ N such that b j = b∗i , then SuppB(bib j) ∩ N = ∅ by (2.3), and hence φ(bib j) =
φ(bi)φ(b j) by the deﬁnition of φ. Finally, for any b j ∈ B \N, since
b jb j∗ = o(b j)
∑
bi∈N
bi +
∑
bm∈B\N
λ j j∗mbm
by (2.5), we get that
φ(b jb j∗) = o(b j)
∑
bi∈N
(
o(N)−1N+ ⊗ bi
)+ ∑
bm∈B\N
(
λ j j∗mo(N)
−1bm ⊗N+
)
,
and that
(
o(N)−1b j ⊗N+
)(
o(N)−1b j∗ ⊗N+
)= o(N)−1b jb j∗ ⊗N+
= o(b j)
∑
b ∈N
(
o(N)−1bi ⊗N+
)+ ∑
b ∈B\N
(
λ j j∗mo(N)
−1bm ⊗N+
)
.i m
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φ is an exact isomorphism from (A,B, f ) to (A/N,B/N, f˜N)  (CN,N, f |CN), and the lemma holds. 
As direct consequences of Lemma 2.3 and its proof, we have the following two corollaries.
Corollary 2.4. Let (A,B, f ) be a standard C-algebra, and let N be a closed-quotient subset of B. Then the
following are equivalent.
(i) (A,B, f ) ∼=x (A/N,B/N, f˜N)  (CN,N, f |CN).
(ii) For any bi ∈ N and b j ∈ B \N, bib j = o(bi)b j .
Corollary 2.5. Let (A,B, f ) be a standard C-algebrawith B= {b0 = 1A,b1, . . . ,bk}. IfN := {b0,b1, . . . ,bk−1}
is a closed-quotient subset of B, then
(A,B, f ) ∼=x (A/N,B/N, f˜N)  (CN,N, f |CN).
The next lemma is similar to [X3, Corollary 3.10] for table algebras. We include a short proof here
for the convenience of the reader.
Lemma 2.6. Let (A,B, f ) and (U ,V, g) be C-algebras such that (A,B, f ) ∼= (U ,V, g), and let B′s , V′s be stan-
dard rescalings of B and V, respectively. Then
(
A,B′s, f
)∼=x (U ,V′s, g).
Proof. Without loss of generality, we may assume that (A,B, f ) and (U ,V, g) are standard C-algebras.
Let φ : (A,B, f ) → (U ,V, g) be a C-algebra isomorphism. Since |B| = |V|, we may assume that B =
{b0 = 1A,b1, . . . ,bk} and V= {v0 = 1U , v1, . . . , vk}. By renumbering if necessary, we may assume that
ψ(bi) = αi vi for some αi ∈ R× , 0  i  k. Since both B and V are standard and gψ = f , we see
that αi = o(bi)/o(vi), 0  i  k. Note that ψ(b∗i ) = ψ(bi)∗˜ = αi v ∗˜i , 0  i  k, where ∗ and ∗˜ are the
automorphisms of (A,B, f ) and (U ,V, g), respectively. Let λi jm be the structure constants of (A,B, f ),
and let βi jm be the structure constants of (U ,V, g). Then it follows from ψ(bib∗i ) = ψ(bi)ψ(bi)∗˜ that
k∑
m=0
λii∗mαmvm = (αi)2
k∑
m=0
βii∗˜mvm, 0 i  k.
Comparing the coeﬃcients of v0 in both sides of the above equality, we get that
λii∗0α0 = (αi)2βii∗˜0, 0 i  k.
Since α0 = 1, λii∗0 = o(bi), and βii∗˜0 = o(vi), the above equality yields that (αi)2 = o(bi)/o(vi) = αi .
Thus, αi = 1, 0 i  k, and ψ is an exact C-algebra isomorphism. 
Lemma 2.7. Let (Ai,Bi, f i) and (Ci,Di, gi), i = 1,2, be C-algebras such that (A1,B1, f1) ∼= (A2,B2, f2) and
(C1,D1, g1) ∼= (C2,D2, g2). Then
(A1,B1, f1)  (C1,D1, g1) ∼=x (A2,B2, f2)  (C2,D2, g2).
Proof. Without loss of generality, we may assume that (Ai,Bi, f i) and (Ci,Di, gi), i = 1,2, are stan-
dard C-algebras. Then (A1,B1, f1) ∼=x (A2,B2, f2) and (C1,D1, g1) ∼=x (C2,D2, g2) by Lemma 2.6. Let
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Then
φ ⊗ ψ : (A1 ⊗C C1,B1 ⊗D1, f1 ⊗ g1) −→ (A2 ⊗C C2,B2 ⊗D2, f2 ⊗ g2)
is an exact C-algebra isomorphism, where φ ⊗ ψ is deﬁned by (φ ⊗ ψ)(a ⊗ c) = φ(a) ⊗ ψ(c) for any
a ∈ A1 and c ∈ C1. Let φ  ψ be the restriction of φ ⊗ ψ to A1  C1. Then clearly
φ  ψ : (A1  C1,B1 D1, f1  g1) −→ (A2  C2,B2 D2, f2  g2)
is an exact C-algebra isomorphism. 
Now we are ready to prove the main results of this section. The next theorem gives a characteri-
zation of the wreath product of two C-algebras.
Theorem 2.8. Let (A,B, f ), (U ,V, g), and (X,Y,h) be C-algebras. Then the following are equivalent.
(i) (U ,V, g) ∼= (X,Y,h)  (A,B, f ).
(ii) |V| = |B| + |Y| − 1, and there is an exact sequence
0−→ (A,B, f ) φ−→ (U ,V, g) ψ−−→ (X,Y,h) −→ 0
in C-algebras.
Proof. Without loss of generality, we may assume that (A,B, f ), (U ,V, g), and (X,Y,h) are standard
C-algebras.
(i) ⇒ (ii) By Proposition 2.1, |V| = |Y  B| = |Y| + |B| − 1, and there is an exact sequence 0 →
(A,B, f ) → (X  A,Y  B,h  f ) → (X,Y,h) → 0 in C-algebras. So (ii) holds.
(ii) ⇒ (i) Let N = ImV φ = kerV ψ . Then N is a closed-quotient subset of V, and by Lemma 2.6,
(A,B, f ) ∼=x (CN,N, f |CN), and (U/N,V/N, g˜N) ∼=x (X,Y,h). Thus,
|V/N| = |Y| = |V| − |B| + 1= |V| − |N| + 1.
Hence,
(U ,V, g) ∼=x (U/N,V/N, g˜N)  (CN,N, f |CN)
by Lemma 2.3. So (i) holds by Lemma 2.7. 
Theorem 2.9. Let (A,B, f ) and (C,D, g) be C-algebras. Then the dual C-algebra of the wreath product
(A,B, f )  (C,D, g) is isomorphic to the wreath product (C, D̂g , g)  (A, B̂ f , f ). That is
(̂B D) f g ∼= D̂g  B̂ f .
Proof. Without loss of generality, we may assume that (A,B, f ) and (C,D, g) are standard C-algebras.
From Proposition 2.1(iii), there is an exact sequence
0−→ (C,D, g) φ−→ (A  C,B D, f  g) ψ−−→ (A,B, f ) −→ 0
in C-algebras. Hence by [X4, Proposition 3.6],
0−→ (A, B̂ f , f ) ψ̂−−→
(
A  C, (̂B D) f g, f  g
) φ̂−→ (C, D̂g, g) −→ 0
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∣∣(̂B D) f g∣∣= |B D| = |B| + |D| − 1= |̂B f | + |̂Dg | − 1.
So the theorem holds by Theorem 2.8. 
Let (Ai,Bi, f i), i = 1,2,3, be C-algebras. It is clear that(
(A1,B1, f1)  (A2,B2, f2)
)  (A3,B3, f3) ∼=x (A1,B1, f1)  ((A2,B2, f2)  (A3,B3, f3)).
Let (Ai,Bi, f i), i = 1,2, . . . ,n, be C-algebras. Then deﬁne (A1,B1, f1)  (A2,B2, f2)  · · ·  (An,Bn, fn)
inductively by
(A1,B1, f1)  (A2,B2, f2)  · · ·  (An,Bn, fn) :=
(
(A1,B1, f1)  · · ·  (An−1,Bn−1, fn−1)
)  (An,Bn, fn).
The next corollary is a direct consequence of Theorem 2.9.
Corollary 2.10. Let (Ai,Bi, f i), i = 1,2, . . . ,n, be C-algebras. Then the dual C-algebra of the wreath prod-
uct (A1,B1, f1)  (A2,B2, f2)  · · ·  (An,Bn, fn) is isomorphic to the wreath product (An, (̂Bn) fn , fn)  · · · 
(A2, (̂B2) f2 , f2)  (A1, (̂B1) f1 , f1). That is,
̂(B1  · · ·  Bn) f1··· fn ∼= (̂Bn) fn  · · ·  (̂B1) f1 .
3. Wreath products of table algebras
In this section we prove the Krull–Schmidt type theorem for the wreath products of table algebras.
For the deﬁnitions, notation, and basic properties of table algebras, table algebra homomorphisms,
quotient table algebras, and tensor products of table algebras, the reader is referred to [AFM,X2,X3].
Let (A,B) and (C,D) be standard table algebras. Then the wreath product (A,B)  (C,D) := (A C,B D)
is a standard table algebra (see [AM]). Let D˜ := {b0 ⊗ d j | d j ∈ D}, where b0 = 1A . Then D˜ is a
closed subset of B  D, (CD˜, D˜) ∼=x (C,D), and ((A  C)//D˜, (B  D)//D˜) ∼=x (A,B). Furthermore, let
(Ai,Bi), i = 1,2, and (C j,D j), j = 1,2, be standard table algebras such that (A1,B1) ∼=x (A2,B2) and
(C1,D1) ∼=x (C2,D2). Then similar to Lemma 2.7, (A1,B1)  (C1,D1) ∼=x (A2,B2)  (C2,D2).
The next lemma is similar to Lemma 2.3 and Corollary 2.4.
Lemma 3.1. Let (A,B) be a standard table algebra, and let N be a closed subset of B. Then the following are
equivalent.
(i) (A,B) ∼=x (A//N,B//N)  (CN,N).
(ii) |B| = |B//N| + |N| − 1.
(iii) For any bi ∈ N and b j ∈ B \N, bib j = b jbi = o(bi)b j .
Proof. (i) ⇒ (ii) Trivial.
(ii) ⇒ (iii) Since |B//N| = |B| − |N| + 1, for any b j ∈ B \ N, we have Nb jN = {b j}. But both Nb j
and b jN are contained in Nb jN. So for any b j ∈ B \N, Nb j = {b j} and b jN= {b j}. Hence, (iii) holds.
(iii) ⇒ (i) It is clear that N is a normal closed subset of B, b jN+ = N+b j = o(N)b j for any b j ∈ B\N,
and B//N= {o(N)−1N+} ∪ {o(N)−1b j | b j ∈ B \N} by [AFM, Theorem 4.9]. Thus,
(B//N) N= {o(N)−1N+ ⊗ bi ∣∣ bi ∈ N}∪ {o(N)−1b j ⊗N+ ∣∣ b j ∈ B \N}.
Let φ : A → (A//N) CN be a linear map deﬁned in a manner similar to that in the proof of Lemma 2.3.
Then we want to prove that φ is an exact isomorphism. In the last part of the proof of Lemma 2.3, we
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use the facts that bib j = b jbi = o(bi)b j , λ j j∗ i = o(b j), and b jN+ = N+b j = o(N)b j for any bi ∈ N and
b j ∈ B \ N. Since these facts are also true here for table algebras, in a way similar to the last part of
the proof of Lemma 2.3, we can prove that φ is an exact isomorphism. So (i) holds. 
The next corollary will be needed later.
Corollary 3.2. Let (A,B) be a standard table algebra, and let N be a closed subset of B such that (A,B) ∼=x
(A//N,B//N)  (CN,N). Then for any closed subset M of B, we have eitherM⊆ N or N⊆M.
Proof. Suppose that M  N. Then there exists b j ∈ M such that B j /∈ N. So by Lemma 3.1, bib j =
o(bi)b j for any bi ∈ N. Thus, N⊆ SuppB(b jb∗j ), and hence N⊆M. 
Let (A,B) be a standard table algebra, and let N be a normal closed subset of B. Then the canonical
table algebra epimorphism π : (A,B) → (A//N,B//N) is deﬁned by
π(bi) = o(bi)
o(bi//N)
(bi//N), for any bi ∈ B.
(See [X5, Theorem 2.1].) For any table algebra homomorphism φ : (A,B) → (U ,V), the kernel of φ in B,
kerB φ, is deﬁned by kerB φ := {bi ∈ B | φ(bi) = ρi1U for some ρi ∈ R+}. It is known that kerB φ is a
normal closed subset of B. If (A,B) and (U ,V) are standard and φ is surjective, then
(A//kerB φ,B//kerB φ) ∼=x (U ,V).
(See [X3, Theorem 4.1].)
Lemma 3.3. Let (A,B) be a standard table algebra. Then the following hold.
(i) If (A,B) ∼=x (C,D)  (U ,V) for some standard table algebras (C,D) and (U ,V), then there is a normal
closed subset N of B such that
(A//N,B//N) ∼=x (C,D) and (CN,N) ∼=x (U ,V).
(ii) If there is a closed subset N of B such that
(A,B) ∼=x (A//N,B//N)  (C,D)
for some standard table algebra (C,D), then N is a normal closed subset, and
(CN,N) ∼=x (C,D).
Proof. (i) Let φ : (A,B) → (C,D)  (U ,V) be an exact isomorphism. Assume that D = {d0 = 1C ,
d1, . . . ,dl} and V = {v0 = 1U , v1, . . . , vp}. Let V˜ = {d0 ⊗ vi | 0  i  p}. Then V˜ is a normal closed
subset of D  V, and (CV˜, V˜) ∼=x (U ,V). Let
π : (C,D)  (U ,V) −→ ((C  U )//V˜, (D  V)//V˜)
be the canonical table algebra epimorphism. Let N= kerB(πφ). Then N is a normal closed subset of B,
and
(A//N,B//N) ∼=x
(
(C  U )//V˜, (D  V)//V˜)∼=x (C,D).
Note that N= φ−1(˜V). So (CN,N) ∼=x (CV˜, V˜) ∼=x (U ,V). Hence (i) holds.
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(A//M,B//M) ∼=x (A//N,B//N) and (CM,M) ∼=x (C,D).
But we have either M ⊆ N or N ⊆ M by Corollary 3.2. If M ⊆ N, then N//M := {bi//M | bi ∈ N} is
a closed subset of B//M, and by [X3, Theorem 4.4],
(
(A//M)//(N//M), (B//M)//(N//M)
)= (A//N,B//N).
Thus, (A//M,B//M) ∼=x (A//N,B//N) forces that M = N. Similarly, if N ⊆ M, then we also must have
M= N. Hence (ii) holds. 
Let (A,B), (C,D), and (U ,V) be standard table algebras. Then clearly
(
(A,B)  (C,D))  (U ,V) ∼=x (A,B)  ((C,D)  (U ,V)).
Let (Ai,Bi), i = 1,2, . . . ,n, be standard table algebras. Then deﬁne (A1,B1)  (A2,B2)  · · ·  (An,Bn)
inductively by
(A1,B1)  (A2,B2)  · · ·  (An,Bn) :=
(
(A1,B1)  · · ·  (An−1,Bn−1)
)  (An,Bn).
It is clear that for any 1 i < n,
(A1,B1)  (A2,B2)  · · ·  (An,Bn) ∼=x
(
(A1,B1)  · · ·  (Ai,Bi)
)  ((Ai+1,Bi+1)  · · ·  (An,Bn)).
Lemma 3.4. Let (A,B) be a standard table algebra. If
(A,B) ∼=x (C1,D1)  (C2,D2)  · · ·  (Cn,Dn)
for some standard table algebras (Ci,Di), i = 1,2, . . . ,n, then there are closed subsets N0,N1,N2, . . . ,Nn−1
of B such that
(a) B= N0 ⊃ N1 ⊃ N2 ⊃ · · · ⊃ Nn−1 ⊃ {1A},
(b) (CNi−1//Ni,Ni−1//Ni) ∼=x (Ci,Di), 1 i  n − 1, and
(c) (CNi,Ni) ∼=x (Ci+1,Di+1)  · · ·  (Cn,Dn), 1 i  n − 1. In particular, (CNn−1,Nn−1) ∼=x (Cn,Dn).
Proof. By Lemma 3.3(i), there is a closed subset N1 of B such that
(A//N1,B//N1) ∼=x (C1,D1) and (CN1,N1) ∼=x (C2,D2)  · · ·  (Cn,Dn).
By repeating this argument, we prove the lemma. 
Deﬁnition 3.5. Let (A,B) be a standard table algebra. If there exist standard table algebras (C,D)
and (U ,V) such that |D| > 1, |V| > 1, and
(A,B) ∼=x (C,D)  (U ,V),
then we say that (A,B) is w-decomposable. If (A,B) is not w-decomposable and |B| > 1, then we say
that (A,B) is w-indecomposable.
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Theorem 3.6. Let (A,B) be a standard table algebra with |B| > 1. Then the following hold.
(i) (A,B) is exactly isomorphic to the wreath product of w-indecomposable standard table algebras.
(ii) If
(A,B) ∼=x (C1,D1)  (C2,D2)  · · ·  (Cm,Dm) ∼=x (U1,V1)  (U2,V2)  · · ·  (Un,Vn),
where (Ci,Di), 1 i m, and (U j,V j), 1 j  n, are w-indecomposable standard table algebras, then
m = n and
(Ci,Di) ∼=x (Ui,Vi), 1 i m.
Proof. (i) Let us prove (i) by induction on |B|. If (A,B) is w-indecomposable, then (i) holds. If (A,B)
is w-decomposable, then (A,B) ∼=x (C,D)  (U ,V) for some standard table algebras (C,D) and (U ,V)
such that 1< |D|, |V| < |B|. But both (C,D) and (U ,V) are exactly isomorphic to the wreath products
of w-indecomposable standard table algebras by induction. So (i) holds.
(ii) Let us prove (ii) by induction on m. If m = 1, then (ii) holds. Now assume that m > 1, and (ii)
holds for m− 1. Then we also have n > 1. By Lemma 3.3, there are closed subsets N and M of B such
that
(A//N,B//N) ∼=x (C1,D1)  (C2,D2)  · · ·  (Cm−1,Dm−1), (CN,N) ∼=x (Cm,Dm)
and
(A//M,B//M) ∼=x (U1,V1)  (U2,V2)  · · ·  (Un−1,Vn−1), (CM,M) ∼=x (Un,Vn).
Thus, (A,B) ∼=x (A//N,B//N)  (CN,N) and Lemma 3.1 yield that
bib j = b jbi = o(bi)b j, for any bi ∈ N, b j ∈ B \N. (3.1)
Similarly, we also have that
bib j = b jbi = o(bi)b j, for any bi ∈M, b j ∈ B \M. (3.2)
Thus, for any bi ∈ N∩M and b j ∈ B \ (N∩M), bib j = b jbi = o(bi)b j . Hence by Lemma 3.1,
(CN,N) ∼=x
(
CN//(N∩M),N//(N∩M))  (C(N∩M),N∩M)
and
(CM,M) ∼=x
(
CM//(N∩M),M//(N∩M))  (C(N∩M),N∩M).
But both (CN,N) and (CM,M) are w-indecomposable. So we have either N∩M= {1A}, or N∩M= N
and N ∩ M = M. But by Corollary 3.2, either N ⊆ M or M ⊆ N. So N ∩ M = {1A}. Thus, we must have
that N=M= N∩M. Hence (Cm,Dm) ∼=x (Un,Vn), and
(A//N,B//N) ∼=x (C1,D1)  (C2,D2)  · · ·  (Cm−1,Dm−1)
∼=x (U1,V1)  (U2,V2)  · · ·  (Un−1,Vn−1).
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(Ci,Di) ∼=x (Ui,Vi), 1 i m − 1.
So (ii) holds by induction. 
As a direct consequence of Theorem 3.6 and Lemmas 3.3, 3.4, we have the following
Corollary 3.7. Let (A,B) be a standard table algebra with |B| > 1. Then the following hold.
(i) There are closed subsets
B= N0 ⊃ N1 ⊃ N2 ⊃ · · · ⊃ Nn ⊃ {1A}
such that (CNi−1//Ni,Ni−1//Ni), i = 1,2, . . . ,n, and (CNn,Nn) are w-indecomposable, and
(A,B) ∼=x (CN0//N1,N0//N1)  · · ·  (CNn−1//Nn,Nn−1//Nn)  (CNn,Nn).
(ii) If there are also closed subsets
B=M0 ⊃M1 ⊃M2 ⊃ · · · ⊃Mm ⊃ {1A}
such that (CM j−1//M j,M j−1//M j) and (CMm,Mm) are w-indecomposable, j = 1,2, . . . ,m, and
(A,B) ∼=x (CM0//M1,M0//M1)  · · ·  (CMm−1//Mm,Mm−1//Mm)  (CMm,Mm),
then m = n and
Ni =Mi, i = 1,2, . . . ,n.
Proof. (i) follows directly from Theorem 3.6(i) and Lemma 3.4. Now we prove (ii). By Theorem 3.6(ii),
m = n, (CMi−1//Mi,Mi−1//Mi) ∼=x (CNi−1//Ni,Ni−1//Ni), 1 i  n, and (CMn,Mn) ∼=x (CNn,Nn). So
by Lemma 3.3(ii),
(CN1,N1) ∼=x (CN1//N2,N1//N2)  · · ·  (CNn−1//Nn,Nn−1//Nn)  (CNn,Nn)
∼=x (CM1//M2,M1//M2)  · · ·  (CMm−1//Mm,Mm−1//Mm)  (CMm,Mm)
∼=x (CM1,M1).
But by Corollary 3.2, we have either N1 ⊆M1 or M1 ⊆ N1. So it follows from (CN1,N1) ∼=x (CM1,M1)
that N1 =M1. Repeating this argument, we get (ii). 
4. Wreath products of association schemes
In this section, by applying the characterization of the wreath product of association schemes
proved in [X1], we will prove the Krull–Schmidt type theorem for the wreath products of association
schemes on ﬁnite sets. For the deﬁnitions, notation, and basic properties of association schemes and
closed subsets of association schemes, the reader is referred to [Z].
Let (X, S) be an association scheme. For any x ∈ X and any nonempty subset P of S , let
xP := {y ∈ X | (x, y) ∈ s for some s ∈ P }. Let T be a closed subset of S . Then {xT | x ∈ X} is a partition
of X . Fix x ∈ X , and deﬁne txT := t ∩ (xT × xT ), ∀t ∈ T , and TxT := {txT | t ∈ T }. Then TxT is an asso-
ciation scheme on xT (see [Z, Theorem 2.1.8]), called the subscheme of S deﬁned by xT (see [Z, p. 22]).
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S//T := {sT | s ∈ S}. Since X is a ﬁnite set, S//T is an association scheme on X/T (see [Z, Theo-
rem 4.1.3]), called the quotient scheme of S over T (see [Z, p. 65]).
Let S be an association scheme on a ﬁnite set X . For any s ∈ S , let σs be the adjacency matrix of s.
That is, σs is the matrix whose rows and columns are indexed by the elements of X and whose (x, y)-
entry is 1 if (x, y) ∈ s or 0 otherwise. Note that for any p,q ∈ S , σpσq =∑r∈S apqrσr . Let σS := {σs |
s ∈ S}, and C[σS ] the C-space with basis σS . Then (C[σS ], σS) is a standard table algebra, called the
scheme ring (or the Bose–Mesner algebra) of (X, S). Let T be a closed subset of S , σT := {σt | t ∈ T }, and
C[σT ] the C-space with basis σT . Then (C[σT ], σT ) is a table subalgebra of (C[σS ], σS). Furthermore,
as table algebras, the scheme ring of the subscheme (xT , TxT ), for any x ∈ X , is exactly isomorphic
to (C[σT ], σT ), and the scheme ring of the quotient scheme (X/T , S//T ) is exactly isomorphic to the
quotient table algebra (C[σS ]//σT , σS//σT ).
Let (X1, S1) and (X2, S2) be association schemes. A combinatorial morphism from (X1, S1) to
(X2, S2) is a map
φ : X1 ∪ S1 −→ X2 ∪ S2
such that
(i) φ(X1) ⊆ X2 and φ(S1) ⊆ S2, and
(ii) for any x, y ∈ X1 and s ∈ S1 with (x, y) ∈ s, (φ(x),φ(y)) ∈ φ(s).
Let φ : (X1, S1) → (X2, S2) be a combinatorial morphism of association schemes. Then
φ(1X1 ) = 1X2 , and for any s ∈ S1, φ(s∗) = φ(s)∗ . If φ is bijective, then we say that φ is a combi-
natorial isomorphism, (X1, S1) and (X2, S2) are isomorphic, and denote (X1, S1) ∼= (X2, S2) or simply
S1 ∼= S2.
Let (X, S) be an association scheme, and let T be a closed subset of S . Then for any x, y ∈ X ,
the scheme rings of the subschemes (xT , TxT ) and (yT , T yT ) are exactly isomorphic as table algebras.
However, it is possible that TxT  T yT for some x, y ∈ X . If for any x, y ∈ X , there is a combinato-
rial isomorphism φ : (xT , TxT ) → (yT , T yT ) such that φ(txT ) = t yT , for any t ∈ T , then T is called a
separable closed subset (cf. [X1]) or an arranged closed subset (cf. [H]) of S .
Let (X1, S1) and (X2, S2) be association schemes. Let X˜ = X1 × X2. For any si ∈ Si , i = 1,2, let
s1 ×˙ s2 be the nonempty subset of X˜ × X˜ deﬁned by
s1 ×˙ s2 :=
{(
(y1, y2), (z1, z2)
) ∈ X˜ × X˜ ∣∣ (yi, zi) ∈ si, i = 1,2}.
Let S˜ := {s1 ×˙ s2 | si ∈ Si, i = 1,2}. Then it is well known that ( X˜, S˜) is an association scheme such
that
(i) 1X1 ×˙ 1X2 = 1 X˜ ;
(ii) for any si ∈ Si , i = 1,2, (s1 ×˙ s2)∗ = s∗1 ×˙ s∗2; and
(iii) for any pi , qi , and ri in Si , i = 1,2, the structure constant
a(p1×˙p2)(q1×˙q2)(r1×˙r2) = ap1q1r1ap2q2r2 . (4.1)
( X˜, S˜) is called the direct product of (X1, S1) and (X2, S2), and denoted by
(X1, S1) ×˙ (X2, S2).
Let (X1, S1) and (X2, S2) be association schemes. Let
S1  S2 := {1X1 ×˙ s2 | s2 ∈ S2} ∪ {s1 ×˙ S2 | s1 ∈ S1, s1 = 1X1},
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s1 ×˙ S2 =
⋃
s2∈S2
(s1 ×˙ s2).
Then (X1 × X2, S1  S2) is a fusion scheme of (X1, S1) ×˙ (X2, S2), called the wreath product of (X1, S1)
and (X2, S2), and denoted by (X1, S1)  (X2, S2). Note that the deﬁnition of the wreath product of
association schemes in this paper is slightly different from that in some other papers. The wreath
product (X1, S1)  (X2, S2) deﬁned here is the wreath product (X2, S2)  (X1, S1) deﬁned in [X1].
Let (Xi, Si), i = 1,2, and (Y j, T j), j = 1,2, be association schemes such that (Xi, Si) ∼= (Yi, Ti) for
i = 1,2. Then it is clear that (X1, S1)  (X2, S2) ∼= (Y1, T1)  (Y2, T2).
The next lemma gives a characterization of the wreath product of two association schemes.
Lemma 4.1. (See [X1, Theorem 2.6].) Let (X, S) be an association scheme. Then the following are equivalent.
(i) (X, S) ∼= (X1, S1)  (X2, S2) for some association schemes (X1, S1) and (X2, S2).
(ii) There is a separable closed subset T of S such that T s = {s} for any s ∈ S \ T . Furthermore, (xT , TxT ) ∼=
(X2, S2) for any x ∈ X, and (X/T , S//T ) ∼= (X1, S1).
Let (X, S), (X1, S1), and (X2, S2) be association schemes such that (X, S) ∼= (X1, S1)  (X2, S2). Then
as table algebras, (C[σS ], σS) and (C[σS1 ], σS1 )  (C[σS2 ], σS2 ) are exactly isomorphic. In particular, if
T is a separable closed subset of S such that (X, S) ∼= (X/T , S//T )  (xT , TxT ) for any x ∈ X , then
(C[σS ], σS) ∼=x (C[σS ]//σT , σS//σT )  (C[σT ], σT ) as table algebras. Hence, for any closed subset P
of S , we have either P ⊆ T or T ⊆ P by Corollary 3.2.
Deﬁnition 4.2. Let S be an association scheme. If S ∼= S1  S2 for some association schemes S1 and S2
such that |Si | > 1, i = 1,2, then we say that S is a w-decomposable association scheme. If S is not
w-decomposable and |S| > 1, then we say that S is a w-indecomposable association scheme.
Let S be an association scheme such that |S| > 1. Then by Lemma 4.1, S is w-indecomposable
if and only if there is no separable closed subset T of S such that 1 < |T | < |S| and T s = {s} for
any s ∈ S \ T . Also note that the scheme ring of a w-indecomposable association scheme may be
w-decomposable as a table algebra.
Let (Xi, Si), i = 1,2, . . . ,n, be association schemes. For n  3, the wreath product S1  S2  · · ·  Sn
is deﬁned inductively by S1  S2  · · ·  Sn := (S1  S2  · · ·  Sn−1)  Sn . It is clear that for any 1 j < n,
S1  S2  · · ·  Sn ∼= (S1  · · ·  S j)  (S j+1  · · ·  Sn).
The next theorem is our main result of this section.
Theorem 4.3. Let S be an association scheme on a ﬁnite set X . Then the following hold.
(i) S is isomorphic to the wreath product of w-indecomposable association schemes.
(ii) If
S ∼= S1  S2  · · ·  Sn ∼= T1  T2  · · ·  Tm,
where S1, S2, . . . , Sn and T1, T2, . . . , Tm are w-indecomposable association schemes, then m = n and
Si ∼= Ti, i = 1,2, . . . ,n.
Proof. It is clear that (i) holds by induction on |S|. Now we prove (ii) by induction on n. If n = 1,
then (ii) holds. Assume that n > 1. Then m > 1. By Lemma 4.1, there are separable closed subsets P
282 B. Xu / Journal of Algebra 344 (2011) 268–283and Q of S such that P s = {s} for any s ∈ S \ P , Q s = {s} for any s ∈ S \ Q , PxP ∼= Sn for any x ∈ X ,
Q yQ ∼= Tm for any y ∈ X , and
S//P ∼= S1  S2  · · ·  Sn−1, S//Q ∼= T1  T2  · · ·  Tm−1. (4.2)
Furthermore, we have either P ⊆ Q or Q ⊆ P by the remark after Lemma 4.1. Without loss of gen-
erality, we may assume that P ⊆ Q . Let y ∈ X , and for any s ∈ Q , let s˜ := syQ . Let Q˜ := Q yQ , and
P˜ := {s˜ | s ∈ P }. Then Q˜ is an association scheme on yQ , and P˜ is a closed subset of Q˜ . For any
t ∈ Q \ P , it follows from Pt = {t} that P˜ t˜ = {t˜}. Furthermore, for any z ∈ yQ , since zP ⊆ (yQ )P =
y(Q P ) = yQ , we get that z P˜ = {w ∈ yQ | (z,w) ∈ s˜ for some s ∈ P } = {w ∈ yQ | (z,w) ∈ s for some
s ∈ P } = yQ ∩ zP = zP . Thus, for any t ∈ P , t˜z P˜ = (t ∩ (yQ × yQ )) ∩ (z P˜ × z P˜ ) = t ∩ (zP × zP ) = tzP .
Hence, P˜ z P˜ = PzP . But P is a separable closed subset of S . So P˜ is also a separable closed sub-
set of Q˜ . Thus, Q˜ w-indecomposable forces that P˜ = Q˜ by the remark after Deﬁnition 4.2. That is,
P = Q . Therefore, Sn ∼= Tm , and by induction assumption, (4.2) yields that n − 1 =m − 1 and Si ∼= Ti ,
1 i  n − 1. Hence (ii) holds. 
Let (X, S) be an association scheme, and let T , R be closed subsets of S such that T ⊆ R . Let
R//T := {rT | r ∈ R}. Then R//T is a closed subset of S//T . For any x ∈ X , the association scheme
((xT )(R//T ), (R//T )(xT )(R//T )) is a subscheme of the quotient scheme (X/T , S//T ). The following
notation (see Section 6 of [X3])
(R//T )x := (R//T )(xT )(R//T )
will be used in the next corollary. Furthermore, TxR := {txR | t ∈ T } is a closed subset of RxR , and
RxR//TxR ∼= (R//T )x by [X3, Lemma 6.3].
Let S be an association scheme on a ﬁnite set X , and let T be a separable closed subset of S . Let
P be a closed subset of S such that P ⊂ T and PxT is a separable closed subset of TxT for some x ∈ X .
Then we can prove that P is also a separable closed subset of S .
The next corollary is immediate.
Corollary 4.4. Let S be an association scheme on a ﬁnite set X . Then the following hold.
(i) There are separable closed subsets
S = P0 ⊃ P1 ⊃ P2 ⊃ · · · ⊃ Pn ⊃ {1X }
such that for any x ∈ X, (Pi−1//Pi)x, i = 1,2, . . . ,n, and (Pn)xPn are w-indecomposable, and
S ∼= (P0//P1)x  · · ·  (Pn−1//Pn)x  (Pn)xPn .
(ii) If there are also separable closed subsets
S = Q 0 ⊃ Q 1 ⊃ Q 2 ⊃ · · · ⊃ Qm ⊃ {1X }
such that for any x ∈ X, (Q j−1//Q j)x and (Qm)xQm are w-indecomposable, j = 1,2, . . . ,m, and
S ∼= (Q 0//Q 1)x  · · ·  (Qm−1//Qm)x  (Qm)xQm ,
then m = n and
Pi = Q i, i = 1,2, . . . ,n.
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